Abstract: We define Mellin amplitudes for the fermion-scalar four point function and the fermion four point function. The Mellin amplitude thus defined has multiple components each associated with a tensor structure. In the case of three spacetime dimensions, we explicitly show that each component factorizes on dynamical poles onto components of the Mellin amplitudes for the corresponding three point functions. The novelty here is that for a given exchanged primary, each component of the Mellin amplitude may in general have more than one series of poles. We present a few examples of Mellin amplitudes for tree-level Witten diagrams and tree-level conformal Feynman integrals with fermionic legs, which illustrate the general properties.
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Introduction
From the pioneering work of Mack [1, 2] , followed up on later by Penedones and several others [3] [4] [5] [6] [7] , we now understand that Mellin space provides us with a natural representation to study conformal correlation functions. The Mellin representation of conformal correlation functions is analogous to the momentum space representation of scattering amplitudes. Information on operator dimensions and structure constants in a Conformal Field Theory (CFT) is encoded in the poles and residues of Mellin amplitudes. The amplitude factorizes on these poles onto lower point Mellin amplitudes. In the context of large N theories, the Mellin amplitude gains special prominence as it is now a meromorphic function with its poles encoding information on only the exchanged single trace operators. Through the so-called "flat space limit", Mellin amplitudes of d dimensional CFT are concretely related to scattering amplitudes in d + 1 dimensional Quantum Field Theory (QFT).
Complementary to the conceptual advances, there has also been significant progress in the application of the Mellin representation on various fronts. It has been shown that Witten diagrams, at least at tree level, are easy to calculate and take very simple forms in Mellin space [8, 9] . There has also been some progress on Mellin amplitudes of loop level Witten diagrams [10] [11] [12] . It may in fact be possible to bootstrap the full holographic correlator as shown in [13, 14] for the four point function of one-half BPS single trace operators in the context of IIB supergravity in AdS 5 × S 5 . In the context of higher-spin holography, there have been efforts to understand the non-locality in the bulk interactions with Mellin amplitudes in the dual free CFT [15] [16] [17] . Through the flat space limit, the conformal bootstrap has been related to to the S-matrix bootstrap [18] . A new approach to the conformal bootstrap has been developed in Mellin space [19, 20] . In this method, conformal correlation functions are expanded in a manifestly crossing symmetric basis of functions provided by exchange Witten diagrams (in three channels). Demanding consistency with the Operator Product Expansion (OPE) one obtains constraints on operator dimensions and OPE coefficients.
So far, the literature on Mellin amplitudes focusses almost exclusively on correlation functions of scalar operators. It is natural to ask if one can define Mellin amplitudes for correlation functions of operators with spin and make similar progress conceptually and with applications as for scalar correlation functions. Mellin amplitudes for correlation functions of scalars and one integer spin operator were defined in [21] with the purpose of studying factorization of scalar Mellin amplitudes onto lower point Mellin amplitudes. However the Mellin amplitudes of the spinning correlators themselves have not been studied as such.
This deficiency is especially significant in the context of fermionic conformal correlation functions. Fermionic operators do not appear in the OPE of scalar operators. Therefore, if one desires to access the fermionic sector of a CFT, it is necessary to consider correlation functions with at least spin-half operators. Moreover, spinning correlation functions in general can potentially provide us with more information on CFT data than scalar correlation functions.
In this paper, we make an attempt at studying Mellin amplitudes for correlation functions with spin-half fermions. We define Mellin amplitudes for the four point function of two fermions and two scalars and the four point function of four fermions. For simplicity, we restrict our analysis of the analyticity properties of the Mellin amplitude to three dimensions. Defining the Mellin amplitude involves making choice of a basis of tensor structures and the Mellin amplitude has one component corresponding to each basis element. Generically, the separation of the tensorial part might introduce spurious singularities in the conformal blocks, as noted in [22, 23] . Therefore not all bases are suitable for defining a Mellin amplitude with the desired analyticity properties. After defining the Mellin amplitude suitably, we proceed to examine the pole structure by looking at the behavior of the correlator in the OPE limit. This also makes the factorization of the four point Mellin amplitude manifest.
The three point function of two fermions and a boson has multiple tensor structures. Generically, this results in each component of the Mellin amplitude having more than one distinct series (two in our case) of poles corresponding to each primary operator exchanged in the OPE in a given channel. We always choose tensor structures of definite parity for both the three point and four point functions as this choice leads to simplifications in the pole structure when the three point functions are of definite parity. It must be noted that the pole structure of the Mellin amplitude is related to the choice of basis and is tunable as such.
After this preliminary analysis of the properties of the Mellin amplitude, we compute some Mellin amplitudes corresponding to tree level Witten diagrams and tree level conformal Feynman integrals. These examples illustrate the generic predictions on the pole structure considering the parity of the three point functions in each case. It should be straightforward to generalize our study to four dimensions. The definition also trivially extends to n-point functions when supplemented by a concrete choice of tensor structures.
The article has three main chapters. Chapter 2 starts with a basic review of Mellin amplitudes for scalar correlators in Section 2.1. We present the basis of tensor structures we would be using in each case in Section 2.2 and define the Mellin amplitude for fermionic correlation functions in Section 2.3. We present the pole structure of the fermion scalar four point correlator and the four fermion correlator in Sections 2.4 and 2.5 respectively. In Chapter 3, we present results for Mellin amplitudes for a few tree level Witten diagrams and in Chapter 4, we present results for Mellin amplitudes for some conformal Feynman integrals. We end with a discussion of our results and future directions in Section 5. Calculations, methods and a short review of fermions in AdS are provided in the Appendices.
Mellin Amplitudes for Fermionic Correlators
Review: Mellin representation of scalar correlators
In this section, we shall briefly review the basics of Mellin amplitudes for scalar correlators. The Mellin amplitude for the connected part of a scalar correlator was defined by Mack [1] in the following manner (Euclidean signature):
The integral in (2.1) is a Mellin-Barnes integral and the contours run parallel to the imaginary axis. The Mellin variables s ij are not all independent but satisfy the following constraints,
These conformality constraints (2.2) ensure that the right hand side of (2.1) transforms properly under conformal transformations. The number of independent Mellin variables s ij is
which is the same as the number of independent cross-ratios. For n > d + 2, the dimension of the conformal moduli space is less than this (see [23] ) and the associated Mellin amplitude is non-unique (see [24] ).
The conformality constraints can be interpreted in terms of Mellin momenta k i with k i ·k j = s ij and an on-shell condition k 2 i = −∆ i as the overall conservation of Mellin momentum i k i = 0. One can thus relate the Mellin variables to Mandelstam variables S i 1 ···ia as
3)
The location of the poles in a given Mandelstam variable S i 1 i 2 is at the twists of the operators in the OPE of O i 1 O i 2 that contribute to the correlator. The Mellin amplitude factorizes at these poles and the residue is proportional to the Mellin amplitudes of the corresponding lower point correlators as dictated by the OPE.
As an example, let us look at the case of the four point function.
For every conformal primary with twist τ contributing to the conformal block expansion of A(u, v) in the direct channel, M(s, t) has poles at s = τ + 2m, m = 0, 1, 2, · · · where m = 0 corresponds to the primary and the leading twist descendants (and similarly for the other channels).
The factors of gamma functions in (2.5) also contribute poles, for example at s = ∆ 1 +∆ 2 + 2m. These poles correspond to operators of the form O 1 ∂ l ∂ 2 m O 2 that contribute to the conformal block expansion and have the said values of twist in a regime where anomalous dimensions are suppressed. In large N gauge theories, these are the familiar double trace operators. The Mellin amplitude then accounts for the contributions from only single trace operators and is a meromorphic function.
Tensor structures
In order to discuss a Mellin representation for fermionic conformal correlators, first we have to discuss the tensor structures that appear in these correlators and select a basis for each. We shall restrict the discussion to the case of 3d Minkowski spacetime for simplicity and also assume that all operators of the same spin have different conformal dimensions. Generalization to other signatures and spacetime is straightforward. We shall also assume that all the operators have different conformal dimensions. We shall be using the embedding formalism for spinors developed in [22, 25] . There does not seem to be any canonical basis of tensor structures. It helps to choose basis elements of definite parity as we shall see later. One should also note that not every choice of basis is suitable for defining the Mellin amplitude such that the poles of the amplitude can be associated with operators contributing to the conformal block expansion of the correlator. This is because for certain choices of bases, as explained in Section 4.4 of [23] , there maybe spurious singularities in the conformal blocks. For example, in the context of the fermion four point function, the naive conformal blocks associated with the basis in Section 2.4 of [22] have singularities at z =z. A neat way to count the number of independent tensor structures and to find relations between tensor structures (when it is otherwise tedious to do so) is to shift to a conformal frame [23] . We have reviewed the general principle and the relevant results in Appendix A.1. We stick to the choice of bases made in [22, 26] making an independent choice of basis only for the fermion four point function.
Quick review of Embedding formalism
We are considering a theory, not of definite parity, in three spacetime dimensions with Minkowski signature − + +. The double cover of SO(2, 1) is isomorphic to Sp(2, R) and the smallest fundamental representation is that of a real two dimensional vector space which describes Majorana fermions and the fundamental generators preserve a 2 × 2 symplectic tensor. We shall be following the conventions of [22] . We shall review the gist of it here. Conformal transformations which act non-linearly in 3d (signature − + +) act linearly as Lorentz transformations in 5d (signature − + + + −). Therefore we embed the 3d spacetime x µ in 5d spacetime X A by identifying the 3d spacetime with the projective null cone in 5d
in the following manner,
5d spacetime coordinates are written in lightcone coordinates as X = (X µ , X + , X − ) with X ± = X 4 ± X 3 . Gamma matrices (γ µ in 3d and Γ I in 5d) are chosen to be real.
For every spinor ψ α (transforming in the fundamental representation), an auxilliary antifundamental spinor (primary of vanishing dimension) s α is introduced, so that we can conveniently work with the scalar,
The spinorial 5d conformal group is isomorphic to Sp(4, R) (double cover of SO(3, 2)) and the fundamental generators now preserve a 4 × 4 symplectic tensor. We embed ψ α (x) into a 5d spinor on the lightcone Ψ I (X) (fundamental of Sp(4, R)), and again take an auxilliary anti-fundamental spinor S I to define,
Transformation properties of Ψ I (X) under rotations and boosts dictate the precise manner in which 3d spinors are embedded into 5d spinors in general and then the transversality condition S I X I J = 0 (where
I J ) fixes how S I can be expressed in terms of s α . Further, the requirement that Ψ(X, S) is a Lorentz scalar in 5d iff ψ(x, s) is a scalar primary in 3d with dimension ∆ fixes Ψ(X, S) and ψ(x, s) to be related in the following manner,
Ψ(X, S) has the homogeneity property,
The form of the correlators (alongwith the tensor structures) is then fixed by the requirements of 5d Lorentz invariance, homogeneity (2.10) and transversality. For example the two point function can be taken to be,
(2.11)
the two point function looks like,
In general, any real operator of spin l can be represented as φ α 1 α 2 ···α 2l where the α i are fundamental indices of Spin(2, 1). Here φ α 1 α 2 ···α 2l is symmetric 1 in all indices. As before, to work in an index free manner, we can introduce an auxilliary spinor s α to form,
An analogous construction gives the associated 5d operator Φ(X, S).
Three point functions.
First let us state the tensor structures for the relevant three point functions which are those of two spin half fermions ψ 1 , ψ 2 and a bosonic operator O 3,l and of one spin half fermion ψ 1 one scalar O 2 and one fermionic operator of any spin ψ 3,l . The structures for the three point function of two fermions and a scalar ψ 1 ψ 2 O 3 can be taken to be,
For the three point function of two fermions and a spin l bosonic operator ψ 1 ψ 2 O 3,l (l > 0), we have two parity even structures and two parity odd ones 2 which can taken to be,
The 3d expressions can be obtained from the rule
For the three point function of one spin half fermion one scalar and one fermionic operator of any spin
2 ), we can take the following tensor structures,
23
.
1 This is possible only in 3d 2 For l = 0, r Note that we have chosen the same tensor structures for the three point functions as in [22, 26] only with different normalization.
Four point function of two scalars and two fermions.
Let us now consider correlators with two fermions and two scalars 3 .
We choose the following tensor structures for the four point function of two spin half fermions and two scalars ψ 1 ψ 2 O 3 O 4 , as in [26] 4 ,
17)
Four point function of fermions
We present here the basis for the fermion four point function that we shall use. We shall justify our choice with more details in 2.5. In this case, the tensor structures are of the form
In general such tensor structures may be related by complicated identities. The idea of expressing the embedding space tensor structures in a chosen conformal frame is particularly useful for relating (or showing the mutual independence of) different tensor structures in this context.
For four fermions there are sixteen independent tensor structures and we pick a basis with elements of definite parity. The parity even structures are taken to be 5 ,
18)
. 3 We have briefly discussed the generalization to include more scalars in Appendix A.1 4 Two different choices of normalization for any tensor structure can result in a difference to the corresponding Mellin amplitude only if they are different by factors of invariants. When such an invariant is a product of cross-ratios, it would cause a simple shift in the poles of the Mellin amplitude. 5 The choice is not unique.
The parity odd part of the basis can be taken to be composed of the following structures,
Four dimensions
Our discussion in three dimensions can be easily generalized. The nature of spinors changes with dimension and signature. The problem of counting tensor structures in four dimensions is again handled in the best manner by choosing a conformal frame [23] . 4d tensor structures in the embedding formalism and blocks have been discussed in [27, 28] . The relevant setup is coherently presented in [29] and they also implement the setup in the freely available Mathematica package "CFTs4d". One can easily use this Mathematica package to obtain independent tensor structures (with expressions in both embedding space and the conformal frame) for upto four point functions for any kind of correlator. In three dimensions, all operators exchanged in the OPEs can be taken to be symmetric representations of the double cover of the Lorentz group. However, in higher dimensions, one has to also consider mixed symmetry representations (see [30] ).
Definition
After our discussion on tensor structures, we are equipped to define Mellin amplitudes for correlators of fermions and scalars. In general for a correlator of 2K fermions and M scalars (2K + M = n), we can define the Mellin amplitude (in embedding space) with the following set of Mellin-Barnes integrals,
The set {M k (s ij )} is the Mellin amplitude. We demand the Mellin variables to satify the following constraints:
In the equation above, the tensor structuresT i do not have a denominator (not normalized) unlike those in (2.18) for example. The set {T i } must form a basis of tensor structures for the given correlator and apart from being a Lorentz invariant in d + 2 dimensions and satisfying the transversality condition, eachT i must satisfy the following homogeneity condition in S i ,
a ij are numbers which determine the normalization of the tensor structure and they are such that the dimension of the tensor structure (in physical space) is zero. Let us define,
Concretely, the numbers a ij are fixed by the requirement that given λ i = √ σ i , the following must hold,
τ i is the twist of the operator at
n ij;k are integers that we keep undetermined for now. The gamma functions in (2.20) have been extracted in analogy with the case of scalars to simplify the asymptotics of the Mellin amplitude on the complex plane and the factorization formulae. In Chapter 3 we shall be computing Mellin amplitudes in the large N limit of a strongly coupled CFT (through tree level Witten diagrams) and in Chapter 4 we shall be computing Mellin amplitudes in a weakly interacting CFT. We shall choose n ij;k such that in either case the Mellin amplitude for the contact interaction are polynomials in the Mellin variables (constant for the contact Witten diagrams). This way, the Mellin amplitudes in the large N limit of the strongly coupled CFT (dual to a quantum field theory in AdS) encodes only the bulk dynamics. In the perturbative regime, the singularities of the Mellin amplitude do not carry information on the trivial composite operators.
It can be checked that the correlator in (2.20) is consistent with the homogeneity condition (2.10), given that (2.22) and (2.24) are satisfied. The conformality constraints imposed by (2.21) in (2.20) can be interpreted in terms of fictitious Mellin momenta k i with k i · k j = s ij and an on-shell condition k 2 i = −τ i as the overall conservation of Mellin momentum i k i = 0. This is a generalization of the corresponding scenario for scalar correlator as discussed in 2.1. This time, one can relate the Mellin variables to Mandelstam variables as
Since we have chosen to work in Minkowski spacetime, we shall always understand that
The relative values of all the ǫ ij is assumed to be consistent with the time ordering in the correlator.
In this paper, we shall mainly be focussing on the four point function. We shall assume all operators of the same spin to have different conformal dimensions. Let us mention concretely, the definition for the two kinds of four point functions. Here we make a choice of n ij;k . The Mellin amplitude for the four point function of two fermions and two scalars is defined by the following,
The Mellin variables satisfy the conformality constraints as mentioned in (2.21).
The tensor structures t i for this correlator are chosen in (2.17). In (2.26), the superscript from (2.17) indicating the parity of the tensor structures t i has been suppressed. Following Mack [1] , we shall callM ≡ {M i } the reduced Mellin amplitude. In this case, we choose all the integers n ij;k to be zero and the Mellin amplitude {M i } is related to {M i } in the following way.
Similarly, define the four point function of fermions in the following way,
The tensor structures p i are as in (2.18), (2.19) . The choice of the integers n ij;k dictates the relation between the reduced Mellin amplitude {M i } and the Mellin amplitude M i . We choose all the integers to be zero apart from the following, n 12;2 = n 13;3 = n 13;5 = n 23;6 = n 14;7 = n 24;8 = −1.
We have presented the relations explicitly in Appendix A.2.
Pole structure: Fermion-scalar four point function
In this section, we will look at the pole structure of the mixed fermion scalar four point function in the direct and the crossed channels.
Direct channel
The mixed fermion scalar four point function can be expressed in the following manner.
, (2.31)
We wish to compare (2.31) with the contribution to A(u, v) from a single operator exchanged in the direct channel. For this, one can do a "dimensional analysis" to check the power law behavior of
held fixed). We have explicitly checked the leading behavior of the conformal blocks using the differential operators presented in [22] that enable one to obtain these direct channel blocks from the corresponding blocks for scalar four point function. The contribution from one operator exchanged via the OPE has also been presented in general for any value of spin of the external operators in [31] . In this paper the Gelfand-Tsetlin basis for Spin(d) representations has been used. We are using a basis defined by our choice of gamma matrices (as in [22] ) and are also using three point structures of definite parity (unlike in [31] ). The operators contributing to the direct channel block expansion are those that appear in both the OPE of two scalars and that of two spin-half fermions, and hence are integer spin operators in symmetric traceless representations of the Lorentz group.
The three point function of two fermions and an integer spin operator has in general four independent tensor structures (2.15) and hence four structure constants. Consequently each A i (u, v) will in general receive contributions from four different conformal partial waves g a ∆,l (with covariant pre-factors stripped off). Let g i,a
∆,l be the contribution of g a ∆,l to A i . Here "a" lables the four tensor structures in the three point function
given by some combination of Gegenbauer polynomials. For l ≥ 1,
s,∆,l + λ
are the structure constants of the three point function ψ 1 ψ 2 O l associated to the
For a scalar exchange, matters simplify as λ 1
36)
37)
Comparing (2.32) -(2.35) and (2.36) -(2.38) with (2.31), we can deduce the pole structure forM i . The Mellin amplitude {M i } can be obtained from the reduced Mellin amplitude {M i } as shown in (2.27) and thus we obtain the pole structure of the Mellin amplitude in this channel as summarised in Table 1 . When the exchanged operator is a scalar l = 0, we should take all structure constants apart from λ 1
to be zero. k = 0 corresponds to the exchange of the primary and the leading twist descendants while k > 0 corresponds to the descendants with higher values of twist. Generically the singular terms in each component of the Mellin amplitude are of the following form,
Q l,k (t) can be expected to be a polynomial in t whose degree is determined by spin l of the exchanged operator. Comparing with the case of the scalar four point function, we can The Mellin amplitude of the three point function ψ 1 ψ 2 O l has four components, and each one is a constant proportional to the corresponding structure constant λ a
. The Mellin amplitude associated with O l φ 3 φ 4 is just a constant proportional to λ O l φ 3 φ 4 . Therefore from (2.39), it is clear that each component of the Mellin amplitude associated with the four point function ψ 1 ψ 2 φ 3 φ 4 factorizes on the poles listed above onto components of Mellin amplitudes of the corresponding three point functions.
Crossed channel
Now we consider the exchange of operators in the crossed channel, in particular the OPE channel 13 − 24. The four point function can be expressed as follows 6 ,
The operators contributing to the block expansion in the crossed channel are fermionic operators. Once again, we shall compare (2.41) with the leading behavior of the corresponding blocks in the OPE limit x 1 → x 3 . These blocks are also a type of "seed-blocks" in three dimensions, and have been computed in [26, 32] . We have chosen the same tensor structures as they have for the relevant three point functions (2.16) and also the same tensor structures for the four point function.
Three point functions of one spin-half fermion, one scalar and one generic fermion have ∆,l be the contribution toÃ i from the block associated with the fusion of tensor structures r We state the results on the pole structure here. Please refer to Appendix A.3 for the calculation. Let λ ± ψφΨ l be the structure constant associated with the term with tensor structure r ± c (see (2.16) ) in the three point function ψφΨ l . Comparing (A.14) and (A.15), we can conclude that the reduced Mellin amplitude and consequently the Mellin amplitude has the poles in t as summarised in Table 2 for the exchange of fermionic operator Ψ l with twist τ .
We see a novelty in the pole structure here. Each component of the Mellin amplitude has two series of poles for each primary exchanged. For l > 1 2 , the polynomials associated with the residues can be expected to be of degree l − 1 2 when the corresponding pole is at τ + 2k and of degree l− 3 2 when the corresponding pole is at τ +2k+1. When l = 1 2 , the polynomial should be a constant in all cases. It is clear that each component of the Mellin amplitudē M i factorizes at the poles onto components of the Mellin amplitudes of the corresponding three point functions as described above.
There are also poles in the Mellin amplitude in the u-channel. The u-channel is related to the s-and t-channel by the relation u = i τ i − s − t. These correspond to operators exchanged in the OPE limit x 1 → x 4 i.e. operators appearing in the OPEs of both ψ 1 φ 4 and that of φ 3 ψ 4 . The location of these poles can be worked out from the preceeding discussion. We have stated the results in Appendix A.4.
Pole structure: Four fermion correlator
The Mellin amplitude (2.
Q l,k (t), l being the spin of the exchanged operator. Q l,k are polynomials in t of degree l. One way to explain this analyticity property is in terms of the expansion of the conformal block G ∆,l around the OPE limit [33] ,
where g k (v) has a power series expansion in 1 − v.
For the correlator ψ 1 ψ 2 ψ 3 ψ 4 , the nature of the conformal blocks depends on the basis of tensor structures. As mentioned earlier in Section 2.2, a generic basis of tensor structures may lead to the conformal blocks having spurious singularities. We will choose a basis such that each conformal block can be expanded around the OPE limit as follows,
Here I is some finite integer greater than zero, a i < τ are integers andg k has a power series expansion in 1 − v. These would ensure that each component of the Mellin amplitude has finitely many series of poles corresponding to each exchanged primary and the residue at each pole is a product of the relevant structure constants and a polynomial whose degree is determined by the spin l. In particular, we do not want the conformal blocks to have spurious singularities. (2.18), (2.19) is one possible choice of such a basis {p i }. We state the results for the pole structure here.
Corresponding to each integer spin l primary O l of twist τ contributing to the direct channel conformal block expansion of the correlator, the Mellin amplitude has poles and residues as summarised in Table 3 .
When the exchanged operator is a scalar l = 0, we should take all structure constants apart from λ 1
to be zero. The poles in the crossed channels can also be worked out. We state the results in Appendix A.5.
Component of M.A. Location of Poles
Residues ∼ s = τ + 2k 
Witten diagrams
The AdS/CFT correspondence is a conjectured duality between String Theories in d + 1 dimensional AdS spacetime and CFTs living on its d dimensional boundary. When the bulk spacetime is weakly curved and the bulk theory is well approximated by the supergravity limit, we can use Witten diagrams to compute correlation functions in the dual strongly interacting CFT. These computations are quite cumbersome in position space. In the Mellin representation, they are simplified greatly [3, 8, 9, 34] and the corresponding Mellin amplitudes can be concretely related to scattering amplitudes in QFT in d + 1 dimensions through the so-called "flat-space limit" [3, 7, 21] . Here we shall present a few results for tree-level Witten diagrams with fermionic legs which serve to illustrate some of the general feature discussed in the previous chapter 2. The calculations are simply reduced to calculations of scalar Witten diagrams [35, 36] , the results for which are available [3, 8] . Hence we do not need to set up these calculations in embedding space notation. We shall however present results in embedding space notation in order to relate to the tensor structures in Section 2.2. We have provided a short review of Fermions in the AdS/CFT correspondence in Appendix B.1. In the diagrams, solid lines with arrows denote fermion propagators and solid lines without arrows denote scalar propagators.
Contact Witten diagram
First we shall consider the contact Witten diagram involving two fermions and two scalars as shown in figure 1. As described in Appendix B.1, bulk-to-boundary spinor propagators are related to bulk-to-boundary scalar propagators in the following manner,
P ± = (1 ± Γ 0 )/2, Γ µ being gamma matrices of the bulk. Using (3.1) we see that the two bulk-to-boundary propagators for fermionsΣ ∆ 1 and Σ ∆ 2 can be reduced to a product with an additional tensor structure:Σ
When contracted with polarization spinors localized on the boundary, x µ 12 Γ µ P − is equivalent to x a 12 γ a ≡ / x 12 (contracted with polarization spinors of the boundary) where γ a are gamma matrices in the boundary theory. Thus the position space expression for this diagram can be simplified to the evaluation of a scalar Witten diagram as,
In the embedding space notation used in (3.3), Z is a bulk point and X i are points on the boundary. The integral in (3.3) is the expression of a contact Witten diagram of four scalars 7 . This can be expressed in Mellin space [3] to obtain 8
The only non-zero component of the Mellin amplitude of the contact interaction is M 1 = M 2,2 . In general, the corresponding result for 2n fermions and m scalars is given by,
This is a constant independent of the Mellin variables as in the case of scalar contact interaction. From (3.5), we also know that the three point function of two fermions and a scalar is parity even.
Scalar Exchange Witten Diagram with two external fermions
Next we consider the four point scalar exchange Witten diagram with two external fermions as shown in figure 2 . This expression in position space is
7 For the scalar Green's functions in AdS, we will stick to the conventions in [3, 8] . 8 The normalization for the delta function readsδ (x) = 2πi δ(x) and the measure is given by (ds il ) = Using (3.2) and switching to embedding space notation, we get,
The integral in the above expression was studied in [3] . Using this result 9 , we obtain
where in terms of the Mandelstam variable s = τ 1 + τ 2 − 2s 12 , we have
where ∆ is the conformal dimension of the exchanged operator.
The poles in (3.7) occur when the contour of the integral is pinched between two colliding poles of the integrand. These poles are at 10 s = ∆ + 2m which is exactly as predicted for M 1 in Section 2.4.1. As shown in [3, 8] , the Mellin amplitude can be in fact written as a series over these poles and the residues follow from a simple shift in the corresponding residue there. 9 Please note that in [3] , Mellin variables are denoted by δij and Mandelstam variables as si 1 ···i k . 10 There are other such poles from the integral but these are cancelled by zeroes in the pre-factor. 
Scalar Exchange Witten Diagram with four external fermions
The diagram in which four external fermions interact via an exchange of a scalar operator is shown in figure 2 . It can also be manipulated in a similar way as the previous examples. The expression for this is then given by
The Mellin amplitude can be calculated just like in the previous example and the only non-zero component is M 1 .
2Γ(c) .
The poles of M 1 are at s = ∆ + 2m. In Section 2.5 predict another series of poles at s = ∆ + 1 + 2m. One can explain the absence of this second series simply by looking at the relevant three point functions. From (3.5), we know that the three point function here is of positive definite parity and hence the second series of poles is absent.
Spinor Exchange Witten Diagrams
Next, we present the Mellin amplitude for the spinor exchange diagram 3. 11 [35] has shown that the calculation of the spinor exchange diagram can effectively be reduced to 11 Note the non-standard labeling of the external legs.
the calculation of a scalar exchange diagram [3] . This calculation is presented in details in Appendix B.2. Here we quote the final result,
10)
The Mellin amplitude has two non-zero components M 1 and M 2 . In terms of the Mandelstam variable t = τ 1 + τ 3 − 2s 13 , M 1 is given by,
2Γ(c) .
Thus M 1 has poles at t = τ + 2m, τ being the twist of the exchanged spinor. Considering that the relevant three point function is parity even, these poles match with our predictions in Section 2.4.2. M 2 is given by,
M 2 has poles at t = τ + 1 + 2m which is the series predicted in Section 2.4.2 for M 2 when the corresponding three point functions are parity even.
Conformal Feynman integrals
Like Witten diagrams, conformal Feynman integrals take very simple forms in Mellin space [37] [38] [39] . In [39] Mellin space Feynman rules for tree level interactions in the weak coupling regime were derived for scalar operators. The diagrammatic rules in Mellin space showed that assuming an interaction without derivatives, the Mellin amplitude associated with a tree level diagram is given by a product of beta functions, each of which is associated with an internal propagator. Each vertex yields the trivial contribution 1. The beta function propagator is a function of the Mandelstam variables composed of the fictitious Mellin momenta and have the right kind of poles as expected from the Mellin amplitude.
In this section we will extend these calculations to Mellin amplitudes associated with tree level interactions with two or four external fermions. We shall assume a Yukawa-like interaction without derivatives. These calculations can be simply done in physical space without the need for embedding space notation. However, we shall present the final result in embedding space notation in order the comparison with the tensor structures in Section 2.2 becomes more transparent. We can also assume that our tree level calculations are done in Euclidean signature so that we do not have to worry about the iǫ for the convergence of our integrals, and the final result can be Wick rotated with the correct iǫ prescription (implicitly) to Minkowski signature.
The Mellin amplitudes for the conformal Feynman integrals with one or more internal propagators are computed using a recursive method 12 that we describe in details in Appendix C.1. We shall stick to four point calculations in this section to keep the notation simple even though these calculations can easily be extended to include diagrams with any number of scalar legs with more than one scalar or fermion propagator.
In our Feynman diagrams, solid lines with arrows will denote fermion propagators and solid lines without arrows will denote scalar propagators.
Fermion-scalar four point function: Contact diagram
To apply the recursive method for diagrams with fermionic legs, the results for the Mellin amplitude associated to the corresponding contact interaction diagrams have to be known. In this section, we shall consider the contact interaction with two fermions represented by diagram 4. This calculation was presented by Symanzik [40] and we shall state the result here.
The conformal integral for the contact interaction of two fermions and two scalars is given by 13
The sum of all the scaling dimensions should equal to the spacetime dimension d. In embedding space notation, and in conformity with the definition (2.26), the Mellin representation 12 This method was developed by Arnab Rudra for scalar conformal integrals while working on [39] 13 The measure reads Du = of this conformal integral is given by,
Result: The Mellin amplitude has two non-zero components, M 3 and M 4 both of which are proportional to 1.
It is easy to generalize this result by adding more (or less) scalar legs. In particular, this tells us that the three point function of two spin one-half fermions and one scalar is parity odd in this case.
Fermion four point function: Contact interaction
The Mellin amplitude associated to the contact diagram 4 with four fermionic legs is necessary for computing Mellin amplitudes associated with conformal integrals with four fermionic legs. The corresponding conformal integral is
This calculation was also presented in [40] . The Mellin representation of this integral, in conformity with the definition (2.28) is given in embedding space notation 14 by the
14
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following,
Result: In our chosen basis of tensor structures (2.18), the non-zero components of the Mellin amplitude are the following,
We expanded the first tensor structure in (4.2) in our basis (2.18) as follows, by the diagram 5 is given by,
Conformality of the integral requires
The computation of the associated Mellin amplitude using the recursive method follows exactly as described for the scalar case in C.1. We state the result here,
Result: The non-zero components of the Mellin amplitude are,
The poles are located at −(p 1 + p 2 ) 2 = s = γ + 2m which matches our predictions in Section 2.4.1. This result can be easily generalized to one where we have more scalars at either of the two interaction vertices.
Fermion-scalar four point function: Fermion exchange.
We wish to calculate the Mellin amplitude associated to the diagram 5 with a propagating spin-half fermion. The relevant conformal integral is,
We state the result for the associated Mellin amplitude.
1≤i<l
c il +i∞
Result: The two non-zero components of the Mellin amplitude are,
M 1 has poles at − (p 1 + p 3 ) 2 = t = τ + 1 + 2m while M 2 has poles at t = τ + 2m, where
2 is the twist of the propagating operator. From Section 2.4.2, we see that these are the "parity odd" series of poles for M 1 and M 2 respectively. And indeed this is what we expect when the three point function of two spinors and a scalar is parity odd.
Fermion four point function: Scalar propagator
We wish to calculate the Mellin amplitude for a scalar exchange Feynman diagram (schannel) with four external fermions. The position space integral is,
The Mellin representation of this integral is given by,
As in Section 4.2, we have to expand the integral above in our chosen basis of tensor structures (2.18) using (4.4).
Result:
The Mellin amplitude has the following non-zero components.
The poles of all the non-zero M i above are exactly as predicted in Section 2.5. Since the three point functions here are of odd parity, we only see the "parity odd" series of poles.
Discussion
In this paper, we have introduced Mellin amplitudes associated with correlators of spin half fermions and scalars. Such Mellin amplitudes have multiple components, each component being associated with an element of a chosen basis of tensor structures. We have explained that not all choices of bases are suitable for defining a Mellin amplitude with the desired analyticity properties because in certain bases, the associated conformal blocks have spurious singularities. We have examined the pole structure of the Mellin amplitudes defined in suitable bases which also makes clear how the components of the Mellin amplitude factorize onto components of three point Mellin amplitudes (which are just the structure constants).
Given a scalar Mellin amplitude, one can read off the twist of the primary exchanged from the leading pole of a given series. One can then check the degree of the polynomial in the residue at this pole which gives the spin of the operator. Thus one knows the dimension of the primary. With knowledge about the explicit form of the residue polynomials one can also read off the OPE coefficients from the residues. For the fermionic Mellin amplitude there is an additional feature as generically there are two distinct poles for each primary.
If the theory at hand has three point functions of definite parity, then one of the series of poles will be absent. If the three point functions are not of definite parity, then the leading and sub-leading poles in a series give information on two different OPE coefficients. We must also emphasize that the pole structure of the Mellin amplitude is intimately connected to the chosen basis of tensor structures. One can see multiple series of poles in a given component of the Mellin amplitude because the corresponding component of the correlator receives contributions from multiple conformal partial waves. In particular, it may be possible to choose bases for the four point function and the three point functions such that at least in one given channel, the tensor structures and the conformal blocks align perfectly such that each component of the Mellin amplitude has a single series of poles in this given channel. We leave a careful analysis of this direction to future work.
After these general considerations, we have computed a few tree-level Witten diagrams with fermionic legs in Mellin space. These computations are easily reduced to the computation of tree-level Witten diagrams with all scalar legs. The corresponding Mellin amplitudes obtained nicely illustrate the general principles described, in particular one of the two series of poles. Finally we have considered position space conformal integrals corresponding to tree level Feynman diagrams and computed the associated Mellin amplitudes. These Mellin amplitudes demonstrate the existence of the other of the two series of poles as compared to the Witten diagrams.
Let us now discuss future directions. In this project, we have not, for example, undertaken a detailed study of the residues at the poles, in particular the polynomials appearing there. It is necessary to do a more comprehensive analysis of the factorization properties of these Mellin amplitudes. Thereafter it would be natural to employ the Mellin bootstrap [20] on fermionic CFTs for example the Gross-Neveu model in three dimensions or the GrossNeveu-Yukawa theory in 4 − ǫ dimensions. We hope to report on this in the future. It will be interesting to undertake an independent study of these Witten diagrams and write down the associated Feynman rules [8] and also see if one can study the pole structure of the loop level Witten diagrams. An interesting topic to be addressed is the "flat-space limit" [7, 21] .
Last but not the least, we must emphasize that our definition of the Mellin amplitude associated with correlators of fermionic operators cannot be claimed to be a canonical choice. We would be interested to know if there exists such a canonical definition and if it can be generalized in a natural way to incorporate operators of any spin in general dimension.
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A Appendix: Mellin Amplitudes for Fermionic correlators
A.1 Counting tensor structures
Correlators expressed in embedding space variables are manifestly covariant with conformal transformations and are easy to work with. However the downside is that there is a great deal of redundancy in all the possible tensor structures one can write. Sometimes it is easy to see relations between different tensor structures through gamma matrix commutation relations or simple Fierz identities, but in general this is a tedious matter. A neat way to count independent tensor structures and figure out the web of relations relating the different tensor structures in embedding space is to go to a suitable conformal frame by Lorentz transformations as depicted elegantly in [23] . In this paper, they prove that independent tensor structures in a n-point function are in one-to-one correspondence with the singlets (scalars for parity even tensor structures and pseudo-scalars for parity odd tensor structures) of the little group that leaves the configuration of points (at which operators in the correlator are inserted) in this conformal frame invariant. These singlets can be represented by
Res G H denotes the restriction of a representation of G to a representation of H ⊆ G. ρ i is the representation of the Lorentz group in which the operator at the ith position in the correlator transforms. If parity is not a symmetry of the theory, then we should replace O(·) with SO(·). To consider half integer spin representations one has to use the double cover of SO(·) which is Spin(·) and for parity symmetric theory one has to make a choice of the P in(·) group. If n ≥ d + 2, one can form a parity odd invariant and consequently restrict to using only parity even tensor structures. The following is a parity odd tensor structure suggested in [23] ,
If there are identical operators in the correlator, permutation symmetries result in further reductions in the number of independent tensor structures as explained concretely in [23] , but we shall stick to assuming operators with different dimensions.
A conformal frame for n points is any fixed configuration of points to which one can always map any n points using conformal transformations. The most familiar example of this is probably the conformal frame where four points are mapped to 0, 1 (along any axis x), ∞ and (z,z) (on a chosen plane containing the axis x). In general, relations between embedding space tensor structures can be obtained by choosing a conformal frame and expressing them in terms of the conformal frame tensor structures which are free of redundancies, and then simple linear algebra gives relations between the different embedding space tensor structures.
The counting of tensor structures for 3d fermions has already been done in Section 4.2 of [23] . We quote the relevant results here. The number of independent tensor structures (of definite parity, indicated by the signs in the superscript) for the 3-pt function of operators with spins l i is given by,
The number of independent n-point tensor structures for n ≥ 4 [23] is given by,
If there is at least one half-integer spin operator, we can take an equal number of parity odd structures and parity even structures. Thus one can choose two parity even and two parity odd tensor structures for
For n ≥ 5 too, the number of independent tensor structures is just 4 and as mentioned before, it suffices to work with only parity even tensor structures. For example for n = 5 (with the fermions inserted at x 1 and x 2 ), we can take these to be,
Parity odd tensor structures can be expressed in terms of parity even ones using the invariant w in (A.2). For example, let's take the parity odd tensor structure S 1 XS 2 . We can multiply this with odd invariant w and then use
Then we can apply the following identity.
. Also note that for a correlator of two fermions and n − 2 scalars, we do not need tensor structures of the form
We would also need to relate the parity odd invariant w to cross-ratios as the standard way to define Mellin amplitudes involves cross-ratios. We can easily express w 2 in terms of cross-ratios using (A.6).
A.2 Reduced Mellin amplitude and Mellin amplitude for the four fermion correlator
In (2.29), we made a choice of n ij;k as in (2.20) for the four point function of fermions. This choice decides how the reduced Mellin amplitude is related to the Mellin amplitude in (2.28). We present the relations explicitly here. 
A.3 Mixed fermion scalar conformal blocks
The leading behavior of the mixed fermion scalar conformal blocks can be found in [26] . These blocks are expressed in invariants r, θ introduced in [41] .
The OPE limit in these coordinates is now given by r → 0 with η held constant. One can check that for small r,ũ ≈ r 2 and η ≈ − 
(z) are Jacobi polynomials. We note the symmetry property of Jacobi polynomials, Table 4 : Fermion-scalar four point function: u-channel poles.
A.5 Crossed channel poles in the four fermion Mellin amplitude
Corresponding to each integer spin l primary O l of twist τ contributing to the ψ 1 ψ 3 and ψ 2 ψ 4 OPE, the Mellin amplitude has poles and residues as summarised in 5. The u-channel poles are summarised in Table 6 .
When the exchanged operator is a scalar l = 0, we should take all structure constants apart from λ 1 , λ 3 to be zero.
Component of M.A.
Location of Poles Residues ∼ t = τ − 1 + 2k B Appendix: Witten diagrams
B.1 Fermions in AdS
In the AdS/CFT correspondence, an operator O of the CFT is sourced by an appropriately defined boundary value φ 0 of the dual field φ in the QFT in AdS. In the planar limit of the strongly interacting CFT, the AdS partition function can be approximated by the saddle point method, as the action evaluated at the classical bulk field φ cl that obeys the equation of motion (e.o.m.), and the CFT correlation functions are just given by tree level Witten diagrams. To evaluate S[φ cl ], the bulk field φ cl can be written as a perturbative expansion in terms of the boundary fields. The n-point planar level correlation function can be obtained by taking n-times functional derivatives of the boundary field [36] O(
In the following discussion, we work in the Poincaré patch, which is given by
However, as noted in [42] [43] [44] to analyze the AdS/CFT correspondence around the classical solutions for spinor fields requires a careful analysis of the boundary terms of the Dirac action S D . To obtain consistent classical solutions for the spinor fields ψ orψ 15 from the Dirac action a surface term S F has to be added, which obeys the symmetries of AdS geometry amongst other things. The requirement of adding a boundary term is necessary such that the action is stationary on the classical path. This procedure is common for theories defined on spaces with boundaries.
To be concrete, let us assume that the mass m ≥ 0 of the spinor is non-negative. Studying the classical solutions of ψ(z) = ψ + (z) + ψ − (z) close at the boundary gives solutions of the form ψ − (z) = z . This means that when the boundary is odd dimensional, the boundary value of a bulk spinor is exactly a Dirac spinor of the boundary CFT, and when the boundary is even dimensional, the boundary value is a Weyl spinor of the boundary theory. 15 Now we have dropped the subscript cl for the classical fields. ǫ denote the regularized solutions to the e.o.m in free theory. Further, G ǫ (z, w) and S ǫ (z, w) are the regularized scalar and spinorial bulk-to-bulk operators [43, 45] . Eventually one takes the limit ǫ → 0 and now the regularized free theory solutions can be expressed in terms of the boundary values: 16
Here K ∆ (z, x) and Σ ∆ (z, x) are the scalar and fermionic bulk-to-boundary propagator, respectively (see [35] ). Γ µ are gamma matrices of the bulk.
Using the recursion relation (B.3) (and taking ǫ → 0 at the end), the action can be written in a perturbation series in terms of the boundary fields φ 0 , ψ − 0 andψ + 0 . Now, taking the functional derivative with respect to the corresponding boundary fields according to (B.1) shall give the corresponding correlator (in the planar limit) in the boundary CFT.
B.2 Spinor exchange in AdS
In this section we calculate the spinor exchange diagram. Note that in this calculation the two scalars are switched, i.e. we calculate Aψ 1 φ 4 ψ 2 φ 3 . 16 The conformal dimension of the scalar field satisfies ∆s (∆s − D) = M 2 [46] and for the spinor fields ∆ = m + d 2 [42, 43] .
C Appendix: Feynman diagrams
C.1 A Recursive method
The calculation of Mellin amplitudes associated to conformal integrals presented in [39] involved the following steps: Each propagator (internal and external) in a given diagram was expressed in a Schwinger parametrized manner, and then the position space integrals over the interaction vertices were evaluated successively. Following this, we would be left with a Schwinger parameter integral that could be simplified drastically using the conformality of the overall integral, and the resulting integral could be evaluated exactly to give the Mellin amplitude as a product of beta functions.
In the present case, when the position space conformal integral has fermionic legs, the simplications in the Schwinger parameter integral using the conformality condition are not as good, consequently the final Schwinger parameter integrals are complicated. Hence we shall apply a recursive method which allows us to reduce the calculation of any Feyman diagram to the calculation of a series of contact interaction diagrams 18 .
To illustrate the procedure, we apply the recursive method to a simple example: a four point diagram of scalars with a scalar propagator as in Figure ( 
The conformality condition is ∆ 1 + ∆ 2 = ∆ 3 + ∆ 4 = d − γ. Now we shall treat the second interaction vertex u 2 like it existed indepedently as a contact interaction diagram with the "external" legs at x 1 , x 2 and u 1 . This is depicted pictorially in Figure 7 .
We know the Mellin Barnes representation of the contact interaction conformal integral 18 This technique was developed by Arnab Rudra for scalar conformal integrals while working on [39] We shall always assume that the contours of the Mellin-Barnes integrals are chosen such that the poles of the gamma functions are not separated and that the integrals converge (see [39] ). Now we can plug the result (C.2) back in (C.1) to obtain the second contact interaction conformal integral that we need to evaluate. The legs are now given by (x 1 , u 1 ) with dimension ∆ 1 , (x 2 , u 1 ) with dimension ∆ 2 , (x 3 , u 1 ) with "dimension" s 3u and (x 4 , u 4 ) with "dimension" s 4u . This is represented pictorially in Figure 8 . Using the 2πi δ(γ −s 3u −s 4u ) = δ (γ − s 3u − s 4u ) in (C.2), we also get the required conformality condition for this integral ∆ 1 + ∆ 2 + s 3u + s 4u = d. Once again, we use the known result for the contact interaction of scalars, and plug it back presented in [39] . However for conformal integrals with legs with spin, the Schwinger parameter integrals are particularly difficult and therefore this method is very helpful. One has to do a set of Schwinger parameter integrals while calculating the Mellin amplitude associated with the contact interaction diagram, but for all other Feynman diagrams there are no further Schwinger parameter integrals to be evaluated.
